WEIL-CHATELET GROUPS OVER LOCAL FIELDS BY J. S. MILNE.
Let K be a local field (i. e. a field which is locally compact tor the topology defined by a non-trivial discrete valuation) and let A be an abelian variety over K with Picard variety A. Tate has defined a continuous pairing of the group of K-rational points on A with the Weil-Chatelet group of A into the Brauer group of K, and has proved ( [12] , [13] ) that this pairing is non-degenerate except possibly on the p-pnmary components of the groups when K has characteristic p > o. We will show that it is always non-degenerate irrespective of the characteristic, when A has potential good reduction.
If A does not have potential good reduction, but is an elliptic curve, then Tate's theory of the p-adic theta functions gives a description of the rational points on A and this enabled Shatz [11] to prove the non-degeneracy in this case also. Thus, the non-degeneracy of the pairing is now completely proved for elliptic curves, and it is to be hoped that, once the appropriate generalization of Tate's description of the rational points is proved, then the non-degeneracy in general will follow from the case proved in this paper.
One immediate consequence of our results is that Lichtenbaum's solution of the period-index problem for elliptic curves [5] holds over any local field.
NOTATION. -K is a local field with separable algebraic closure K and ring of integers R. All group schemes are commutative. H'(R, -) and H'(K, -) refer to cohomology with respect to the flat (f.p.q.f.) topology on specR and specK (if G is a smooth group scheme, then its flat cohomology groups can be computed using the etale topology [1] and, in particular, H'(K, -) can be identified with the usual Galois cohomology groups). If Z is an abelian group, then Z^ is the subgroup of elements killed by m and Z(p) is the p-primary component of Z.
N denotes the Cartier dual of a finite flat group scheme N and Z* the Pontryagin dual of a locally compact abelian group Z. Let A be an abelian variety over K, and consider the exact sequences, [12] . Hence ( [4] , chap. V) there are augmented cup products
Moreover, for r = o, i, these are continuous with respect to the canonical compact topology on H° and the discrete topology on H 1 .
THEOREM. -(a) The above pairings For any positive integer m, there is an exact commutative diagram, This is already sufficient to prove part (fc) of the theorem, for consider the exact commutative diagram
which is just a continuation to the right of the previous diagram. We have seen that the first vertical arrow is surjective, and the middle arrow is an isomorphism by ( [13] ; [10] , loc. cit.). A diagram chase now shows that H^K, A.)m= o for all m and this suffices to show that IP(K, A) = o. Note finally that H^K, A) = o for r >i because K has strict cohomological dimension 2 [13] . To prove part (a), it remains to show that
is injective, and for this it suffices to show that, for all primes p, the map
To do this when p ^ char (K). Tate used the following counting argument. Let M = A(K)^,. Then,
From the known structure of A(K) {see [6] ), This argument fails when p = char (K) because the groups involved are not finite (nor even compact).
Proof. -Since K is local, the Galois group G of L over K is soluble, and so we may assume it to be cyclic. There is an exact commutative diagram
(H° denotes Tate cohomology [8] , p. 136) in which the first vertical arrow is induced by OR(A) and the fourth vertical arrow is the dual of the map induced in the same way by OR (A). The diagram can be obtained from the diagram in [12] (lemma 3) by passing to the direct limit over the fields denoted there by L.
From the right hand end of the diagram we get that

HO(G,A(L))-^(G,JI(L))*
is an isomorphism and, from the same diagram with A and A interchanged, we get that
is an isomorphism. This shows that the first vertical arrow is an isomorphism, and hence that OK (A) is an isomorphism. 
LEMMA 2. -If A and B are isogenous abelian varieties over K, and OR (A) is an isomorphism, then
Hi(K,N)*--^A(K)*---^B(K)*---^N(K)*--^o
in which all vertical arrows are induced by cup products or augmented cup products. By [13] , [10] or assumption, all the vertical arrows are isomorphisms except possibly Og^B), and it follows that Og^B) must be an isomorphism. After these two lemmas and theorem 1 of Shatz [11] we may assume in proving (a) that A has good reduction over K. Thus, we are reduced to proving the statement : let A be an abelian variety with good reduction over K, where K has characteristic p. Then, after possibly replacing K by a finite separable extension,
OK(A)^: H^(K,A)^(A(K)/^(K))* is inject! ve.
To say that A has good reduction over K means that there is an abelian scheme (fl over the ring of integers R in K whose generic fibre is A. There is an exact sequence over R,
where dp is a finite flat group scheme over R with CXp0nK = Ap. By ([I], th. 11.7; [2]) H^R, a) = o for i > o and so, from the cohomology sequences of the above short exact sequence and the corresponding sequence over K, we get an exact commutative diagram
in which the vertical arrows are the maps induced on cohomology by the morphism spec(K) -> spec(R). The first two vertical arrows are isomorphisms, and so the image of the map ^{0ip) in H^K, Ap) is equal to the image of A(K) in H^K, Ap). Similarly, the image of ^(<^p) in H^K,^) is equal to the image of A(K), and so, to complete the proof of the theorem, we have only to show that im(t((9L^)) is the exact annihilator of im(t((9L^)) in the non-degenerate cup product pairing
To do this, we first need to examine the structure of 0Lp. After possibly replacing K by a finite separable extension, A.p will have a composition series all of whose quotients have rank p [10] . The following easy lemma shows that the same will then be true of Oip. 
whose generic fibre is the first sequence.
We will also need the following lemma of Tate. Proof. -See [14] .
It follows that we may assume that 0Lp has a composition series whose quotients are of the form 9tn,b' In fact we may assume more. Let we may assume that dp has a composition series over R, each of whose quotients is of the form Ot^-^c^y ^to,o or c9t^/,_i),. Proof. -The commutativity of the diagram
shows that im(t (51)) and im(t (^)) do annihilate each other. c9l^o is the etale group scheme Z/pZ and ^lo,i is ^ (although that is not the usual representation of ^,). ^ and ^p give isomorphisms ^ and ô n the generic fibres. 
